will be given by 



the diffraction in seismic reflection data, unless an a^g. 
tude correction function is applied. ... 

t„„< H Soc Londonl2H802);T.Young,inWi«»r 

issKTisi- *- « • «»— Tar 

England. 1855). p. 140. „ lW . fWM , 



On the radiation from point charges 

• • : • • '• August 1985; accepted for puuncaeoo 4 January 1986) 

active derivation of the ^^^^^^ » ^ 
Fourier components of the curren t P^ffi btgXTpe™* physical interpretation. The 
from the vector wave equation, ^ch^ep m^e mU^ P^ ^^ rf ^ t 
retarded time appears very natumUy «j ^ d £™ docs no t radiate, not because it is 

at constant velocity. 





I. INTRODUCTION 

themtetf energy *^»%SS»^*^ 

This fact is underscored by Poyntmg s ^^J^ 

SaSSSSSSssare. 

the denvadcm from the "Wtanfcd time" 

• l&lgSglitotfi omrie^* It rests on tte*$«lo8rt^ 
^^SSSrSeo^ different volume elements of <b£ 
^^dSTi&^Nt the bating partjde* 



wfcchistreatedfort^^ 

occupymgavolumeof^e^Ananerna mte . 

presented by Jackson 3 rests on a "J? 1 ^ tf ^ much 

Uof - es ^S^1~oe^r?vide a physical 
to recommend it However, u w» devdopme nt 

piCtUrC 5^ hrS^TdSoS oTtheW 
Sommofelir has presented two v» Kased en the 

Oreen's function and f'f^TSslSllt. Yet none of 
olane. His derivation » parteolarty «5SST n m» between 
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over artteinodia^^^v^fliw^'i^ la^lSf tfi^'^^'Siir \~ 
.weighting factor. 



The integral over all angles brings in a factor of a, Le., ^ 
can now be interpreted as containing the acceleration Cbut 
not evaluated with res^t to retarded time). The analysis 
brings in the retarded time naturally, no factor 
1 — {v • n)/c appears in the expression for E x {7, r);Final- 
ly, we obtain the well-known far field as a function of? and 



II. THE SOURCE AND ITS FOURIER 
TRANSFORMS 

Consider a charged particle of charge q and position 
7 0 (f ). The charge density of the particle is described by 

p(r,t)=q6[r-r 0 (0] (1) 
where 5(7 — 7 0 ) is the spatial unit impulse function. The 
current density- is 

7(7,/) =q? 0 WStr- 7 0 (0] . (2) 
The spatial Fourier transform represents the current jien- 
. .sity as a superposition of spatial exponeritials, exp — ik - 7. 



J(k,t) - J j jd Vo(')fi[r-MO]« 



- ik • 



= ?7 0 (r)e 



(3) 



The full space-time Fourier transform is of course, 
' 7( JU) « J J J J *3F7tr^)« " * V* . 
The inverse Fourier transform is 

m. THE ELECTROMAGNETIC FIELD 
The electric field obeys the vector wave equation 
d 2 E dJ 



(5) 



VX(VX£) + 1 



-= -Mo- 



(6) 



? dt 2 "a 

The space-time Fourier transform of the vector wave equa- 
tion is 

kX[k xE(k*>)] +ti~E{kfi>) 

In the far field, only the component perpendicular to £ is of 
interest. Concentrating on this component one has 

~it0i£ t /iX{nx7(k t c>)] 
k 2 -{Q 2 /c-) 

with 

k 



(8) 



(9) 



-We shall retain tiki Fourier transform with respect to time 
l and thus not carry out the integration over <d. But we shall 
focus on a spectral width da> of the field and thus write 
down expressions for E A (7,a>)(<W2ir). Wfe separate the 
integrals into an integral over die magnitude of k, and into 
a dbuble integral with respect to the angles $ and ^ of A: with 
respect tor: 

(10) 

The last integral can be carried out by contour integration. 
For k • r> 0, the contour must be closed into the negative 
imaginary half plane of k with the result 




^/5-x[.x7(f^)]-— 



(ID 

This expression may be rewritten in a way that lends itself 
to an appealing interpretation. The density of ( linearly po- 
larized) modes per unit volume and unit solid angle p(o t 
a) is 



(4) With this didfigitiOT, one has 




The • v^^(r^)(rf»/2ir> . • -.isT. '^fas6x^,., to V: 
-TiO^ifeS) namdy, the;R»»£ c^imttrt for 
w!i^*^'»^FacKJtt of a> thai multiply the Fbuiier- 
component of the current are due to the density of modes 
per unit volume and unit solid angle. An unac«ltrated 
charge does not radiate in free space, not because it experi- 
ences no acceleration, but because it has no Fourier compo- 
nent 

7(fM). 

Indeed, from (3) 




J(k,a>)= J dtqve-'* 



The only nonzero Fourier components are for 
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where ft 
radiation 

osdUatmg ch^T Ai v T16 V 

7p(lf) = 3s5n6>^» • 
has a Foiiriei ; sjx&jpinn _ 

7 ( ^j = -22?£> m (it cos 6d){6[v - (/n + l)*>ol 
■ - ^ 

+ ^[o-(»«--l)fi>ol>i (17) 
where the J m s are BesSel functions of order m. These Four- 
rer imponents can, and do, acquire 
are equaHo the light velocity. For small W on* m - 0 
remains and is approximately independent of Ac, 
JolWOcos&n^l. 

V. INTEGRATION OVER ANGLES 

Starting with (11), ^ note that the «ponential^ 
strong function of d, whereas the component n X [n X J I 
varies much more slowly and thus can be pulled out from 
unSfr the integration. We have to integrate an expresaon 
of the form 

1 e> 2 da> r 2v r d<txid sinfl^oco** 
c 3 Jo Jo 4ir 

1 . co d(D jtvtor 

— — — l — — • — c t 

2 cV 2ir 

where the upper limit on 6 is ignored because of the rapid 
Son of Te exponent With this result mtroduced m 
(ll) one has 



x[ix7(iw)]^- 



(18) 



Here, fi b the direction of the radius vector?. We note now 
factor of.) appears in front of the current O^may 
therefore interpret the source as containing the accelera- 
tion although one must emphasize that muldphcati <mby 
represents differentiation with respect to the tune 
coordinate, not with respect to retarded tune. The two are 
Soothe factor 1 - n • Vc It seems more nanu* to 
atiribute the factor to the integration over all the modes, « 
particular because then Cherenkov radiation presents less 
KSoTcherenkov radiation is producedby an unac- 
celemi plrticle, but since the velocity of hght .s less than 
?tbe particle cunent can have Founer components syn- 
chronous with O /c^7T 0 . where e is the dielectric constant 
of the medium. 

If one introduces (3), one finds from ( 18) 

( , r - r 0 (f') M^ 
Xexp + uoyt + - - n • — — 2} _ • 



Iwt^ro-Wi^ert 
wj&ihe Fourier transform in time of £. to m 
wfsnow that the usual expression for the/ar field « ob- + 
tained from the Fourier transform of ( IV). 

VL THE ELECTRIC FIELD IN SPACE-TIME 

The electric field in space-time is obtained by the inverse 
Fourier transform of ( 19) 

x |° ^ dt'n[nXj 0 (t , )\ia 

The fector to =m be replaced b» . carerenliMtor, of the 
exponential 

(22) 

In the notation of Jackson, we designate by * the factor 

, = (23) 

c 

and bvB the velocity normalized by the speed of Hght, V 
rfnSduchig (22) and (23) into (21),andmtegratmgby 

parts over t one has 

X ^ 4" J. . fr J *' ' 

Tn the far field, the time derivative of n is negligible com- 
£rrf wtt °Se derivative of S and r. In this limit, it ,s easy 

to show that 3 
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The integral over all a of 
JL«p-« — j. 



(25) 



(19) 



produces the delta function 
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Introducing these results into (24), gives 

4*17 r J — ca 

J , r n r a {f)\ 



(26) 



When the argument of the delta function is a function of the 
variable of integration, the integration gives 

In the present case 



r \ n * r 0 (t ') 



and 



(28) 
(29) 

(30) 



Thus we have from (26) the final result 
E> CW = V^a^ X [ (H - h xp ] > r 

The expression in brackets is evaluated at 
i _ r n • r 0 (f) 

the rettxded time. Equation (30) is the standard result, 
here written in mks units. 

vilc»nclusipns 

When the radiation field of a charged particle is evaluat- 
ed by its inverse Fourier transform, the expressions result- 
ing from successive integrals permit physically appeal** 
interpretations. The integral over the magnitude ^of Ae 
propagation constant gives the Founer component of the 
field that has the appearance (13) 



Thus, radiation is produced by the Fourier component of 
7 that has k = (tf/OH, i.e., that travels with the speed of 
light. Particles that are unaccepted do not radiate, be- 
cause their current density hasnoFouner components syn- 
chronous with the light velocity. Thus the P™~£ 
Cherenkov radiation of particles moving m slw > rned a 
i. e ., with light velocities in the medium less than c, i u 
natural consequence of this interpretation of ( 13) and does 

* St 585* • Thus, one could interpret the exprjsion 
for E, (?A» (i»/2») as caused by acceleration, except of 
courithttarnultiplicationby "-/« ults ^oS 
ation with respect to time-not retarded wne. ^Founer 
I, (7^) contains an integrand expressed m terms _ of & 
bedtime which cameinquite naturally through the pre- 

^S^raiso makes plausible the app^rance.fc 
theorem. Thel ^Wp^he^^^ 

associated with apjane wave ofrurrent/. < k ^£*°W^: 
tionaltoA.not^ and IBOdegoutofp^^requn^^ 

power conservation. Factors of co are the r f^?Mfe^ 
Position of plane waves at differeht angl« of PJ^^ 
SSlnverse Fourier transfonnauon of E ^ r ^M^^m 
usual expression for the far field in space-time. 
tion by this approach has much to recommend^ t^Wfe 
the successive mathematical steps permit physical inter 
pretation. Further, the quantum 

Son 7 uses as its starting part expressions that can be shown 
to be contained in the present analysis. 
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